
Digraph Inception Convolutional Networks

Why digraphs (directed graphs)?

• Recommender Systems 
• Traffic Forecasting

Digraph Convolution

Digraph Laplacian based on PageRank:

Limitations of spectral-based GCNs
Brief Experimental Results
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Digraph Inception Networks
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<latexit sha1_base64="Y1vqLthogf58/BHJMdosfP1/E1U="></latexit>
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<latexit sha1_base64="hPH3ROyvmlTGL3ATVi9N+dAvvYg=">AAAB63icbVBNS8NAEJ34WetX1YvgZbEInkoiBfVW8OKxgv2ANpTNdtqu3d2E3U2hhP4FLx4U8eof8ua/MWlz0NYHA4/3ZpiZF0SCG+u6387a+sbm1nZhp7i7t39wWDo6bpow1gwbLBShbgfUoOAKG5Zbge1II5WBwFYwvsv81gS14aF6tNMIfUmHig84ozaTJr2nYq9UdivuHGSVeDkpQ456r/TV7YcslqgsE9SYjudG1k+otpwJnBW7scGIsjEdYieliko0fjK/dUYuUqVPBqFOS1kyV39PJFQaM5VB2impHZllLxP/8zqxHdz4CVdRbFGxxaJBLIgNSfY46XONzIppSijTPL2VsBHVlNk0niwEb/nlVdK8qnjVyu1DtVw7zeMowBmcwyV4cA01uIc6NIDBCJ7hFd4c6bw4787HonXNyWdO4A+czx+LlY3N</latexit>
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<latexit sha1_base64="RgWgtjHNgwC3ZecktUFr2RR2HxI=">AAAB6nicbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFa0ttKFstpN26WYTdjeFEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+Qfnw6EnHqWLYZLGIVTugGgWX2DTcCGwnCmkUCGwFo9uZ3xqj0jyWj2aSoB/RgeQhZ9RY6WHc471yxa26c5BV4uWkAjkavfJXtx+zNEJpmKBadzw3MX5GleFM4LTUTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjtZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTsmG4C2/vEqeLqterXpzX6vUT/I4inAKZ3ABHlxBHe6gAU1gMIBneIU3RzgvzrvzsWgtOPnMMfyB8/kDVMKNuA==</latexit>
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<latexit sha1_base64="hPH3ROyvmlTGL3ATVi9N+dAvvYg=">AAAB63icbVBNS8NAEJ34WetX1YvgZbEInkoiBfVW8OKxgv2ANpTNdtqu3d2E3U2hhP4FLx4U8eof8ua/MWlz0NYHA4/3ZpiZF0SCG+u6387a+sbm1nZhp7i7t39wWDo6bpow1gwbLBShbgfUoOAKG5Zbge1II5WBwFYwvsv81gS14aF6tNMIfUmHig84ozaTJr2nYq9UdivuHGSVeDkpQ456r/TV7YcslqgsE9SYjudG1k+otpwJnBW7scGIsjEdYieliko0fjK/dUYuUqVPBqFOS1kyV39PJFQaM5VB2impHZllLxP/8zqxHdz4CVdRbFGxxaJBLIgNSfY46XONzIppSijTPL2VsBHVlNk0niwEb/nlVdK8qnjVyu1DtVw7zeMowBmcwyV4cA01uIc6NIDBCJ7hFd4c6bw4787HonXNyWdO4A+czx+LlY3N</latexit>

vi

<latexit sha1_base64="RgWgtjHNgwC3ZecktUFr2RR2HxI=">AAAB6nicbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFa0ttKFstpN26WYTdjeFEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+Qfnw6EnHqWLYZLGIVTugGgWX2DTcCGwnCmkUCGwFo9uZ3xqj0jyWj2aSoB/RgeQhZ9RY6WHc471yxa26c5BV4uWkAjkavfJXtx+zNEJpmKBadzw3MX5GleFM4LTUTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjtZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTsmG4C2/vEqeLqterXpzX6vUT/I4inAKZ3ABHlxBHe6gAU1gMIBneIU3RzgvzrvzsWgtOPnMMfyB8/kDVMKNuA==</latexit>

2 edges

k-1 edges

The adjacency matrix needs to be symmetric  
to use spectral graph convolutions.  
Naive symmetric transform is not reasonable. 

The unique structure of the digraph makes it  
difficult to obtain long-range (global) features.
Receptive field would be unbalanced and limited.
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digraph adjacency matrix 

Directed graph structure is vital and undeveloped！
Road network Knowledge graph 

Directed structures are everywhere: 
• Biology (LGT) 
• Neuroscience
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<latexit sha1_base64="GoNPQrOJwIv3dGYRMkXVn0/Rwkk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoOQU9iVgHoLePEYwSRCsoTZyWwyZB7LzKwQlnyEFw+KePV7vPk3ziZ70MSChqKqm+6uKOHMWN//9kobm1vbO+Xdyt7+weFR9fika1SqCe0QxZV+jLChnEnascxy+phoikXEaS+a3uZ+74lqw5R8sLOEhgKPJYsZwdZJvYFhY4Erw2rNb/gLoHUSFKQGBdrD6tdgpEgqqLSEY2P6gZ/YMMPaMsLpvDJIDU0wmeIx7TsqsaAmzBbnztGFU0YoVtqVtGih/p7IsDBmJiLXKbCdmFUvF//z+qmNr8OMySS1VJLlojjlyCqU/45GTFNi+cwRTDRztyIywRoT6xLKQwhWX14n3ctG0Gzc3DdrrXoRRxnO4BzqEMAVtOAO2tABAlN4hld48xLvxXv3PpatJa+YOYU/8D5/AM7wjyk=</latexit>
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<latexit sha1_base64="x1/snx4rxL2UUkZbxtDLF+u2Zlw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQb0FPOgxgnlAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfjm5nffqLaMCUf7CShocBDyWJGsHVSq3eLhcD9csWv+XOgVRLkpAI5Gv3yV2+gSCqotIRjY7qBn9gww9oywum01EsNTTAZ4yHtOiqxoCbM5tdO0ZlTBihW2pW0aK7+nsiwMGYiItcpsB2ZZW8m/ud1UxtfhRmTSWqpJItFccqRVWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrfNacFG7vr+o1Kt5HEU4gVOoQgCXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AVH5juc=</latexit>
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<latexit sha1_base64="LCdKWdrtm8HnvPndDOzTDVFzA14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlphyUK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5V7Xb5lWlXs3jKMIZnEMVPLiGOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MH0x+M5A==</latexit>
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<latexit sha1_base64="9wVXLtflsmbbIzYcufFkmT6z+x4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2YD+gDWWzmbRrN5uwuxFK6S/w4kERr/4kb/4bt20O2vpg4PHeDDPzglRwbVz32ylsbG5t7xR3S3v7B4dH5eOTtk4yxbDFEpGobkA1Ci6xZbgR2E0V0jgQ2AnGd3O/84RK80Q+mEmKfkyHkkecUWOlZjgoV9yauwBZJ15OKpCjMSh/9cOEZTFKwwTVuue5qfGnVBnOBM5K/UxjStmYDrFnqaQxan+6OHRGLqwSkihRtqQhC/X3xJTGWk/iwHbG1Iz0qjcX//N6mYlu/CmXaWZQsuWiKBPEJGT+NQm5QmbExBLKFLe3EjaiijJjsynZELzVl9dJ+7LmXdVum1eVejWPowhncA5V8OAa6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8fw/eM2g==</latexit>

A 2 Rn⇥n

<latexit sha1_base64="buhMoar2gFbEhaFmmm22nJnqU1o=">AAACD3icbVBLS8NAEJ74rPUV9ehlsSg9lUQK6q3ixWMV+4Amls120y7dbMLuRigh/8CLf8WLB0W8evXmv3H7OGjrBwPffDPDzHxBwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5TxakktEFiHst2gBXlTNCGZprTdiIpjgJOW8HwalxvPVCpWCzu9CihfoT7goWMYG2krn3iRVgPgjC7zJHHBJqmQXab32cm0yyiCom8a5ecijMBWiTujJRghnrX/vJ6MUkjKjThWKmO6yTaz7DUjHCaF71U0QSTIe7TjqECmz1+NvknR8dG6aEwliaERhP190SGI6VGUWA6x+eq+dpY/K/WSXV47mdMJKmmgkwXhSlHOkZjc1CPSUo0HxmCiWTmVkQGWGKijYVFY4I7//IiaZ5W3Grl4qZaqpVndhTgEI6gDC6cQQ2uoQ4NIPAIz/AKb9aT9WK9Wx/T1iVrNnMAf2B9/gAFAZyX</latexit>

Adjacency matrix

n

<latexit sha1_base64="LCdKWdrtm8HnvPndDOzTDVFzA14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlphyUK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5V7Xb5lWlXs3jKMIZnEMVPLiGOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MH0x+M5A==</latexit>

Input feature
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<latexit sha1_base64="9wVXLtflsmbbIzYcufFkmT6z+x4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2YD+gDWWzmbRrN5uwuxFK6S/w4kERr/4kb/4bt20O2vpg4PHeDDPzglRwbVz32ylsbG5t7xR3S3v7B4dH5eOTtk4yxbDFEpGobkA1Ci6xZbgR2E0V0jgQ2AnGd3O/84RK80Q+mEmKfkyHkkecUWOlZjgoV9yauwBZJ15OKpCjMSh/9cOEZTFKwwTVuue5qfGnVBnOBM5K/UxjStmYDrFnqaQxan+6OHRGLqwSkihRtqQhC/X3xJTGWk/iwHbG1Iz0qjcX//N6mYlu/CmXaWZQsuWiKBPEJGT+NQm5QmbExBLKFLe3EjaiijJjsynZELzVl9dJ+7LmXdVum1eVejWPowhncA5V8OAa6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8fw/eM2g==</latexit>

Inception block of lth layer

<latexit sha1_base64="4QMzJIb2RTqAHgyZJ+wbJ6uwTa0=">AAACGHicbVDLSgMxFM3Ud31VXboJFsFVnRFB3QludKdgbaGtJZPeaUMzyZDcEcswn+HGX3HjQhG37vwb08dCWw8EDuecy809YSKFRd//9gpz8wuLS8srxdW19Y3N0tb2ndWp4VDlWmpTD5kFKRRUUaCEemKAxaGEWti/GPq1BzBWaHWLgwRaMesqEQnO0Ent0mET4RGzK8UhGSo0lJr3qY5oTuV9hr2cjhNUsgGYvF0q+xV/BDpLggkpkwmu26WvZkfzNAaFXDJrG4GfYCtjBgWXkBebqYWE8T7rQsNRxWKwrWx0WE73ndKhkTbuKaQj9fdExmJrB3HokjHDnp32huJ/XiPF6LSVCZWkCIqPF0WppKjpsCXaEQY4yoEjjBvh/kp5jxnG0XVZdCUE0yfPkrujSnBcObs5Lp/7kzqWyS7ZIwckICfknFySa1IlnDyRF/JG3r1n79X78D7H0YI3mdkhf+B9/QCS9KCx</latexit>
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<latexit sha1_base64="Qex0pISlkL07uL6WT9FWy/l0RQo=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVJCSSEHdFdzoroK9YBvDZDpph04uzEyEMmTnxldx40IRt76CO9/GScxCW38Y+PjPOcw5vxczKqRlfRmlhcWl5ZXyamVtfWNzy9ze6Ygo4Zi0ccQi3vOQIIyGpC2pZKQXc4ICj5GuN7nI6t17wgWNwhs5jYkToFFIfYqR1JZr7g8CJMeer25TV+WMEVNXaXqnauwodc2qVbdywXmwC6iCQi3X/BwMI5wEJJSYISH6thVLRyEuKWYkrQwSQWKEJ2hE+hpDFBDhqPyOFB5qZwj9iOsXSpi7vycUCoSYBp7uzDYVs7XM/K/WT6R/5igaxokkIf75yE8YlBHMQoFDygmWbKoBYU71rhCPEUdY6ugqOgR79uR56JzU7Ub9/LpRbR4XcZTBHjgANWCDU9AEl6AF2gCDB/AEXsCr8Wg8G2/G+09ryShmdsEfGR/fvLeZzg==</latexit>
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<latexit sha1_base64="PKH3cS62WTFVKqZWLAAHHZ51QZ0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUsiBXVXcKO7CvaBbQyT6aQdOpmEmYlQQnZu/BU3LhRx6y+482+ctFlo64ELh3Pu5d57vIhRqSzr2ygsLC4trxRXS2vrG5tb5vZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre6DLz2w9ESBryWzWOiBOgAac+xUhpyTX3ewFSQ89P7tL7pMJO7KPUnUgYseQ6dc2yVbUmgPPEzkkZ5Gi45levH+I4IFxhhqTs2laknAQJRTEjaakXSxIhPEID0tWUo4BIJ5n8kcJDrfShHwpdXMGJ+nsiQYGU48DTndmJctbLxP+8bqz8cyehPIoV4Xi6yI8ZVCHMQoF9KghWbKwJwoLqWyEeIoGw0tGVdAj27MvzpHVatWvVi5tauX6cx1EEe+AAVIANzkAdXIEGaAIMHsEzeAVvxpPxYrwbH9PWgpHP7II/MD5/AMaCmTQ=</latexit>
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<latexit sha1_base64="+41gT+4kiZkmWO2iBgUPW7o1NGQ="></latexit>

Key idea: friends’ friends tend to be mine friends. 
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<latexit sha1_base64="RgWgtjHNgwC3ZecktUFr2RR2HxI=">AAAB6nicbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFa0ttKFstpN26WYTdjeFEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+Qfnw6EnHqWLYZLGIVTugGgWX2DTcCGwnCmkUCGwFo9uZ3xqj0jyWj2aSoB/RgeQhZ9RY6WHc471yxa26c5BV4uWkAjkavfJXtx+zNEJpmKBadzw3MX5GleFM4LTUTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjtZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTsmG4C2/vEqeLqterXpzX6vUT/I4inAKZ3ABHlxBHe6gAU1gMIBneIU3RzgvzrvzsWgtOPnMMfyB8/kDVMKNuA==</latexit>

k-1 edgesk-1 edges
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<latexit sha1_base64="i1lhjIwLa9WYs7TdOFKTk0rJwLM=">AAAB63icbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFewHtKFsttN26e4m7G4KJfQvePGgiFf/kDf/jUmbg7Y+GHi8N8PMvCAS3FjX/XYKG5tb2zvF3dLe/sHhUfn4pGXCWDNsslCEuhNQg4IrbFpuBXYijVQGAtvB5D7z21PUhofqyc4i9CUdKT7kjNpMmvax1C9X3Kq7AFknXk4qkKPRL3/1BiGLJSrLBDWm67mR9ROqLWcC56VebDCibEJH2E2pohKNnyxunZPLVBmQYajTUpYs1N8TCZXGzGSQdkpqx2bVy8T/vG5sh7d+wlUUW1RsuWgYC2JDkj1OBlwjs2KWEso0T28lbEw1ZTaNJwvBW315nbSuq16tevdYq9TP8jiKcA4XcAUe3EAdHqABTWAwhmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOD/I3I</latexit>
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<latexit sha1_base64="JPvhfzNVPcTVy52Q0JXI8RcC5W0=">AAAB6nicbZDLSgMxFIbP1FttvVRduglWwVWZEUHdFd24rGgv0A4lk2ba2CQzJJlCGfoIblwo4tZn8AV8A3c+iK5NLwut/hD4+P9zyDkniDnTxnU/nMzC4tLySnY1l19b39gsbG3XdJQoQqsk4pFqBFhTziStGmY4bcSKYhFwWg/6F+O8PqBKs0jemGFMfYG7koWMYGOt60H7tl0ouiV3IvQXvBkUy/ufr2+D/FelXXhvdSKSCCoN4VjrpufGxk+xMoxwOsq1Ek1jTPq4S5sWJRZU++lk1BE6sE4HhZGyTxo0cX92pFhoPRSBrRTY9PR8Njb/y5qJCU/9lMk4MVSS6UdhwpGJ0Hhv1GGKEsOHFjBRzM6KSA8rTIy9Ts4ewZtf+S/UjkrecensyiuWz2GqLOzCHhyCBydQhkuoQBUIdOEOHuDR4c698+Q8T0szzqxnB37JefkGJQiSKQ==</latexit>
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<latexit sha1_base64="RgWgtjHNgwC3ZecktUFr2RR2HxI=">AAAB6nicbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFa0ttKFstpN26WYTdjeFEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+Qfnw6EnHqWLYZLGIVTugGgWX2DTcCGwnCmkUCGwFo9uZ3xqj0jyWj2aSoB/RgeQhZ9RY6WHc471yxa26c5BV4uWkAjkavfJXtx+zNEJpmKBadzw3MX5GleFM4LTUTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjtZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTsmG4C2/vEqeLqterXpzX6vUT/I4inAKZ3ABHlxBHe6gAU1gMIBneIU3RzgvzrvzsWgtOPnMMfyB8/kDVMKNuA==</latexit>

k-1 edges k-1 edges
ve

<latexit sha1_base64="i1lhjIwLa9WYs7TdOFKTk0rJwLM=">AAAB63icbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFewHtKFsttN26e4m7G4KJfQvePGgiFf/kDf/jUmbg7Y+GHi8N8PMvCAS3FjX/XYKG5tb2zvF3dLe/sHhUfn4pGXCWDNsslCEuhNQg4IrbFpuBXYijVQGAtvB5D7z21PUhofqyc4i9CUdKT7kjNpMmvax1C9X3Kq7AFknXk4qkKPRL3/1BiGLJSrLBDWm67mR9ROqLWcC56VebDCibEJH2E2pohKNnyxunZPLVBmQYajTUpYs1N8TCZXGzGSQdkpqx2bVy8T/vG5sh7d+wlUUW1RsuWgYC2JDkj1OBlwjs2KWEso0T28lbEw1ZTaNJwvBW315nbSuq16tevdYq9TP8jiKcA4XcAUe3EAdHqABTWAwhmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOD/I3I</latexit>
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<latexit sha1_base64="JPvhfzNVPcTVy52Q0JXI8RcC5W0=">AAAB6nicbZDLSgMxFIbP1FttvVRduglWwVWZEUHdFd24rGgv0A4lk2ba2CQzJJlCGfoIblwo4tZn8AV8A3c+iK5NLwut/hD4+P9zyDkniDnTxnU/nMzC4tLySnY1l19b39gsbG3XdJQoQqsk4pFqBFhTziStGmY4bcSKYhFwWg/6F+O8PqBKs0jemGFMfYG7koWMYGOt60H7tl0ouiV3IvQXvBkUy/ufr2+D/FelXXhvdSKSCCoN4VjrpufGxk+xMoxwOsq1Ek1jTPq4S5sWJRZU++lk1BE6sE4HhZGyTxo0cX92pFhoPRSBrRTY9PR8Njb/y5qJCU/9lMk4MVSS6UdhwpGJ0Hhv1GGKEsOHFjBRzM6KSA8rTIy9Ts4ewZtf+S/UjkrecensyiuWz2GqLOzCHhyCBydQhkuoQBUIdOEOHuDR4c698+Q8T0szzqxnB37JefkGJQiSKQ==</latexit>

kth-order meeting path

<latexit sha1_base64="xviYu5HUcvYVauVCmYmB6vUpbIo=">AAACCnicbVDLSgNBEJyNrxhfUY+KjAbBi2FXBPUW9OJRwZhAEsPspBOHzM4uM71iWHIUL/6KFw8+8OoXePMb/Aknj4MmFjQUVd10d/mRFAZd98tJTUxOTc+kZzNz8wuLS9nllUsTxppDkYcy1GWfGZBCQREFSihHGljgSyj57ZOeX7oBbUSoLrATQS1gLSWagjO0Uj272b5K8LpLqwi3mOyGugGaBgAoVItGzFr1bM7Nu33QceINSa6w/nr+fbfxelbPflYbIY8DUMglM6biuRHWEqZRcAndTDU2EDHeZi2oWKpYAKaW9F/p0m2rNGgz1LYU0r76eyJhgTGdwLedgb3OjHo98T+vEmPzsJYIFcUIig8WNWNJMaS9XGhDaOAoO5YwroW9lfJrphlHm17GhuCNvjxOLvfy3n7+6NzLFY7JAGmyRrbIDvHIASmQU3JGioSTe/JInsmL8+A8OW/O+6A15QxnVskfOB8/sNKeng==</latexit>

kth-order di↵usion path

<latexit sha1_base64="pjAhMTcvz2RPY8LXi8TlDNQ94wc=">AAACDHicbVC7SgNBFJ2NrxhfUUtFBoNgY9gVQe2CNpYJmAckMcxO7iZDZh/M3BXDktLCxl+xsYiIrR9g5zf4E04ehUYPDBzOuZe557iRFBpt+9NKzc0vLC6llzMrq2vrG9nNrYoOY8WhzEMZqprLNEgRQBkFSqhFCpjvSqi6vcuRX70FpUUYXGM/gqbPOoHwBGdopFY217tJsDugDYQ7TI5C1QZF28Lz4tEKjZgxzZSdt8egf4kzJbnC7rD0db83LLayH412yGMfAuSSaV137AibCVMouIRBphFriBjvsQ7UDQ2YD7qZjMMM6IFR2tQLlXkB0rH6cyNhvtZ93zWTvrlOz3oj8T+vHqN31kxEEMUIAZ985MWSYkhHzZjUCjjKviGMK2FupbzLFONo+suYEpzZyH9J5TjvnOTPS06ucEEmSJMdsk8OiUNOSYFckSIpE04eyBMZkhfr0Xq2Xq23yWjKmu5sk1+w3r8BZsCfkA==</latexit>

Intersection

<latexit sha1_base64="N1jSxnV+lnm2ECmy/KXRDv51B9c=">AAAB/HicbVDLSsNAFJ34rPEV7dJNsAiuSiKCuhCLbnRXwT6gDWUynbRDJ5MwcyOGUH/FhS4UcesvuHcj/o2TtgttPTBwOOdc5t7jx5wpcJxvY25+YXFpubBirq6tb2xaW9t1FSWS0BqJeCSbPlaUM0FrwIDTZiwpDn1OG/7gIvcbt1QqFokbSGPqhbgnWMAIBi11rGIb6B1kVwJ0iJJcHHasklN2RrBniTshpbMP8zR+/DKrHeuz3Y1IElIBhGOlWq4Tg5dhCYxwOjTbiaIxJgPcoy1NBQ6p8rLR8kN7TytdO4ikfgLskfp7IsOhUmno62SIoa+mvVz8z2slEBx7GRNxAlSQ8UdBwm2I7LwJu8ukPpinmmAimd7VJn0sMcmrMHUJ7vTJs6R+UHYPyyfXbqlyjsYooB20i/aRi45QBV2iKqohglL0gJ7Ri3FvPBmvxts4OmdMZoroD4z3HyZamMM=</latexit>

0th � order proximity

<latexit sha1_base64="4pdbjQxORJG7+MJJONuSGI+IETk=">AAACAXicbVBNS8NAEN34WetX1IvgZbEKXiyJFNRbwYvHCvYD2lg2m227dJMNuxMxhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXl+LLgGx/m2FhaXlldWC2vF9Y3NrW17Z7ehZaIoq1MppGr5RDPBI1YHDoK1YsVI6AvW9IdXY795z5TmMrqFNGZeSPoR73FKwEhde9+5y2AwOpUqYAp3cKzkAw85pF275JSdCfA8cXNSQjlqXfurE0iahCwCKojWbdeJwcuIAk4FGxU7iWYxoUPSZ21DIxIy7WWTD0b42CgB7kllKgI8UX9PZCTUOg190xkSGOhZbyz+57UT6F14GY/iBFhEp4t6icAg8TgOHHDFKIjUEEIVN7diOiCKUDChFU0I7uzL86RxVnYr5cubSql6lMdRQAfoEJ0gF52jKrpGNVRHFD2iZ/SK3qwn68V6tz6mrQtWPrOH/sD6/AFc5ZbF</latexit>

1st � order proximity

<latexit sha1_base64="TlDgjFXfdNMEUaTQovkZwbbHsok=">AAACAXicbVBNS8NAEN34WetX1IvgZbEKXiyJFNRbwYvHCvYD2lg2m027dJMNuxOxhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXl+IrgGx/m2FhaXlldWC2vF9Y3NrW17Z7ehZaooq1MppGr5RDPBY1YHDoK1EsVI5AvW9AdXY795z5TmMr6FYcK8iPRiHnJKwEhde9+9yzSMTqUKmMIdnCj5wCMOw65dcsrOBHieuDkpoRy1rv3VCSRNIxYDFUTrtusk4GVEAaeCjYqdVLOE0AHpsbahMYmY9rLJByN8bJQAh1KZigFP1N8TGYm0Hka+6YwI9PWsNxb/89ophBdexuMkBRbT6aIwFRgkHseBA64YBTE0hFDFza2Y9okiFExoRROCO/vyPGmcld1K+fKmUqoe5XEU0AE6RCfIReeoiq5RDdURRY/oGb2iN+vJerHerY9p64KVz+yhP7A+fwBv/JbR</latexit>

2nd � order proximity

<latexit sha1_base64="LENgf/MmbKsKkqbQPPYpG3xbMnY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAV3FiSUlB3BTcuK9gHtLFMJpN26GQmzEzEEOrGX3HjQhG3/oU7/8Zpm4W2HrhwOOde7r3HjxlV2nG+rcLS8srqWnG9tLG5tb1j7+61lEgkJk0smJAdHynCKCdNTTUjnVgSFPmMtP3R1cRv3xOpqOC3Oo2JF6EBpyHFSBupbx9U7zIejM+EDIiEPRhL8UAjqtO+XXYqzhRwkbg5KYMcjb791QsETiLCNWZIqa7rxNrLkNQUMzIu9RJFYoRHaEC6hnIUEeVl0w/G8MQoAQyFNMU1nKq/JzIUKZVGvumMkB6qeW8i/ud1Ex1eeBnlcaIJx7NFYcKgFnASBwyoJFiz1BCEJTW3QjxEEmFtQiuZENz5lxdJq1pxa5XLm1q5fpzHUQSH4AicAhecgzq4Bg3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4AUC+WvQ==</latexit>

kth � order proximity

<latexit sha1_base64="/qA5Wwep498OmmprhJaK3qYUai8=">AAACAXicbVBNS8NAEN34WetX1IvgZbEKXiyJFNRbwYvHCvYD2lg2m227dJMNuxMxhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXl+LLgGx/m2FhaXlldWC2vF9Y3NrW17Z7ehZaIoq1MppGr5RDPBI1YHDoK1YsVI6AvW9IdXY795z5TmMrqFNGZeSPoR73FKwEhde394l8FgdCpVwBTu4FjJBx5ySLt2ySk7E+B54uakhHLUuvZXJ5A0CVkEVBCt264Tg5cRBZwKNip2Es1iQoekz9qGRiRk2ssmH4zwsVEC3JPKVAR4ov6eyEiodRr6pjMkMNCz3lj8z2sn0LvwMh7FCbCIThf1EoFB4nEcOOCKURCpIYQqbm7FdEAUoWBCK5oQ3NmX50njrOxWypc3lVL1KI+jgA7QITpBLjpHVXSNaqiOKHpEz+gVvVlP1ov1bn1MWxesfGYP/YH1+QO7npcA</latexit>

ve

<latexit sha1_base64="i1lhjIwLa9WYs7TdOFKTk0rJwLM=">AAAB63icbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFewHtKFsttN26e4m7G4KJfQvePGgiFf/kDf/jUmbg7Y+GHi8N8PMvCAS3FjX/XYKG5tb2zvF3dLe/sHhUfn4pGXCWDNsslCEuhNQg4IrbFpuBXYijVQGAtvB5D7z21PUhofqyc4i9CUdKT7kjNpMmvax1C9X3Kq7AFknXk4qkKPRL3/1BiGLJSrLBDWm67mR9ROqLWcC56VebDCibEJH2E2pohKNnyxunZPLVBmQYajTUpYs1N8TCZXGzGSQdkpqx2bVy8T/vG5sh7d+wlUUW1RsuWgYC2JDkj1OBlwjs2KWEso0T28lbEw1ZTaNJwvBW315nbSuq16tevdYq9TP8jiKcA4XcAUe3EAdHqABTWAwhmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOD/I3I</latexit>

vi

<latexit sha1_base64="RgWgtjHNgwC3ZecktUFr2RR2HxI=">AAAB6nicbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFa0ttKFstpN26WYTdjeFEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+Qfnw6EnHqWLYZLGIVTugGgWX2DTcCGwnCmkUCGwFo9uZ3xqj0jyWj2aSoB/RgeQhZ9RY6WHc471yxa26c5BV4uWkAjkavfJXtx+zNEJpmKBadzw3MX5GleFM4LTUTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjtZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTsmG4C2/vEqeLqterXpzX6vUT/I4inAKZ3ABHlxBHe6gAU1gMIBneIU3RzgvzrvzsWgtOPnMMfyB8/kDVMKNuA==</latexit>

ve

<latexit sha1_base64="i1lhjIwLa9WYs7TdOFKTk0rJwLM=">AAAB63icbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFewHtKFsttN26e4m7G4KJfQvePGgiFf/kDf/jUmbg7Y+GHi8N8PMvCAS3FjX/XYKG5tb2zvF3dLe/sHhUfn4pGXCWDNsslCEuhNQg4IrbFpuBXYijVQGAtvB5D7z21PUhofqyc4i9CUdKT7kjNpMmvax1C9X3Kq7AFknXk4qkKPRL3/1BiGLJSrLBDWm67mR9ROqLWcC56VebDCibEJH2E2pohKNnyxunZPLVBmQYajTUpYs1N8TCZXGzGSQdkpqx2bVy8T/vG5sh7d+wlUUW1RsuWgYC2JDkj1OBlwjs2KWEso0T28lbEw1ZTaNJwvBW315nbSuq16tevdYq9TP8jiKcA4XcAUe3EAdHqABTWAwhmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOD/I3I</latexit>

vi

<latexit sha1_base64="RgWgtjHNgwC3ZecktUFr2RR2HxI=">AAAB6nicbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFa0ttKFstpN26WYTdjeFEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+Qfnw6EnHqWLYZLGIVTugGgWX2DTcCGwnCmkUCGwFo9uZ3xqj0jyWj2aSoB/RgeQhZ9RY6WHc471yxa26c5BV4uWkAjkavfJXtx+zNEJpmKBadzw3MX5GleFM4LTUTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjtZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTsmG4C2/vEqeLqterXpzX6vUT/I4inAKZ3ABHlxBHe6gAU1gMIBneIU3RzgvzrvzsWgtOPnMMfyB8/kDVMKNuA==</latexit>

vi

<latexit sha1_base64="RgWgtjHNgwC3ZecktUFr2RR2HxI=">AAAB6nicbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFa0ttKFstpN26WYTdjeFEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+Qfnw6EnHqWLYZLGIVTugGgWX2DTcCGwnCmkUCGwFo9uZ3xqj0jyWj2aSoB/RgeQhZ9RY6WHc471yxa26c5BV4uWkAjkavfJXtx+zNEJpmKBadzw3MX5GleFM4LTUTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjtZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTsmG4C2/vEqeLqterXpzX6vUT/I4inAKZ3ABHlxBHe6gAU1gMIBneIU3RzgvzrvzsWgtOPnMMfyB8/kDVMKNuA==</latexit>

ve

<latexit sha1_base64="i1lhjIwLa9WYs7TdOFKTk0rJwLM=">AAAB63icbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFewHtKFsttN26e4m7G4KJfQvePGgiFf/kDf/jUmbg7Y+GHi8N8PMvCAS3FjX/XYKG5tb2zvF3dLe/sHhUfn4pGXCWDNsslCEuhNQg4IrbFpuBXYijVQGAtvB5D7z21PUhofqyc4i9CUdKT7kjNpMmvax1C9X3Kq7AFknXk4qkKPRL3/1BiGLJSrLBDWm67mR9ROqLWcC56VebDCibEJH2E2pohKNnyxunZPLVBmQYajTUpYs1N8TCZXGzGSQdkpqx2bVy8T/vG5sh7d+wlUUW1RsuWgYC2JDkj1OBlwjs2KWEso0T28lbEw1ZTaNJwvBW315nbSuq16tevdYq9TP8jiKcA4XcAUe3EAdHqABTWAwhmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOD/I3I</latexit>

vi

<latexit sha1_base64="RgWgtjHNgwC3ZecktUFr2RR2HxI=">AAAB6nicbVBNS8NAEJ3Ur1q/ql4EL4tF8FQSKai3ghePFa0ttKFstpN26WYTdjeFEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+Qfnw6EnHqWLYZLGIVTugGgWX2DTcCGwnCmkUCGwFo9uZ3xqj0jyWj2aSoB/RgeQhZ9RY6WHc471yxa26c5BV4uWkAjkavfJXtx+zNEJpmKBadzw3MX5GleFM4LTUTTUmlI3oADuWShqh9rP5qVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjtZ1wmqUHJFovCVBATk9nfpM8VMiMmllCmuL2VsCFVlBmbTsmG4C2/vEqeLqterXpzX6vUT/I4inAKZ3ABHlxBHe6gAU1gMIBneIU3RzgvzrvzsWgtOPnMMfyB8/kDVMKNuA==</latexit>

M
ulti-scale C

onv

Design       -order Proximity in digraphs kth

<latexit sha1_base64="k7OY/2ijGjs2Id1hILqtzmTXIWE=">AAAB7XicbZDLSgMxFIYz9VbHW9Wlm2ARXJWZIqgLseDGZQV7gXYsmTTTxmaSITkjlKHv4MaFIm5c+Ai+hxvxbUxbF9r6Q+Dj/88h55wwEdyA5305uYXFpeWV/Kq7tr6xuVXY3qkblWrKalQJpZshMUxwyWrAQbBmohmJQ8Ea4eBinDfumDZcyWsYJiyISU/yiFMC1qoPbjLojzqFolfyJsLz4P9A8fzdPUteP91qp/DR7iqaxkwCFcSYlu8lEGREA6eCjdx2alhC6ID0WMuiJDEzQTaZdoQPrNPFkdL2ScAT93dHRmJjhnFoK2MCfTObjc3/slYK0UmQcZmkwCSdfhSlAoPC49Vxl2tGQQwtEKq5nRXTPtGEgj2Qa4/gz648D/VyyT8qnV75xUoZTZVHe2gfHSIfHaMKukRVVEMU3aJ79IieHOU8OM/Oy7Q05/z07KI/ct6+AS6nkn0=</latexit>
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↵

<latexit sha1_base64="TOgNagnE7eXG6lK/DAu33ZlozF8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYD+gDWWy3bRrN5uwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LBzNNmB/hSPKQUzRWavdRJGMclCtu1V2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLa6dkQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzmr5MhV4waMbUEqeL2VkLHqJAaG1DJhuCtvrxO2rWqV6/e3NcrjVoeRxHO4BwuwYMraMAdNKEFFB7hGV7hzYmdF+fd+Vi2Fpx85hT+wPn8AYqRjxQ=</latexit>

⇠

<latexit sha1_base64="r7EKEev7Gvuw3iUQEaid+16eTEE=">AAAB6nicbZDLSgMxFIbPeK21atWlIMEiuCozRVB3BTcuW7QXaIeSSTNtaJIZkoxYhi5dunGhiFsfos/hzmfwJUwvC239IfDx/+eQc04Qc6aN6345K6tr6xubma3sdm5ndy+/f1DXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcT/LGPVWaRfLODGPqC9yTLGQEG2vdth9YJ19wi+5UaBm8ORTKuXH1+/F4XOnkP9vdiCSCSkM41rrlubHxU6wMI5yOsu1E0xiTAe7RlkWJBdV+Oh11hE6t00VhpOyTBk3d3x0pFloPRWArBTZ9vZhNzP+yVmLCSz9lMk4MlWT2UZhwZCI02Rt1maLE8KEFTBSzsyLSxwoTY6+TtUfwFldehnqp6J0Xr6peoVyCmTJwBCdwBh5cQBluoAI1INCDJ3iBV4c7z86b8z4rXXHmPYfwR87HDzKUkWk=</latexit>

↵

<latexit sha1_base64="TOgNagnE7eXG6lK/DAu33ZlozF8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYD+gDWWy3bRrN5uwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LBzNNmB/hSPKQUzRWavdRJGMclCtu1V2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLa6dkQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzmr5MhV4waMbUEqeL2VkLHqJAaG1DJhuCtvrxO2rWqV6/e3NcrjVoeRxHO4BwuwYMraMAdNKEFFB7hGV7hzYmdF+fd+Vi2Fpx85hT+wPn8AYqRjxQ=</latexit>

↵

<latexit sha1_base64="TOgNagnE7eXG6lK/DAu33ZlozF8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYD+gDWWy3bRrN5uwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LBzNNmB/hSPKQUzRWavdRJGMclCtu1V2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLa6dkQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzmr5MhV4waMbUEqeL2VkLHqJAaG1DJhuCtvrxO2rWqV6/e3NcrjVoeRxHO4BwuwYMraMAdNKEFFB7hGV7hzYmdF+fd+Vi2Fpx85hT+wPn8AYqRjxQ=</latexit>

↵

<latexit sha1_base64="TOgNagnE7eXG6lK/DAu33ZlozF8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYD+gDWWy3bRrN5uwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LBzNNmB/hSPKQUzRWavdRJGMclCtu1V2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLa6dkQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzmr5MhV4waMbUEqeL2VkLHqJAaG1DJhuCtvrxO2rWqV6/e3NcrjVoeRxHO4BwuwYMraMAdNKEFFB7hGV7hzYmdF+fd+Vi2Fpx85hT+wPn8AYqRjxQ=</latexit>

1/n

<latexit sha1_base64="DP5IHH2VV3Bpw/OfB3yK3nyJvUY=">AAAB6nicbZDLSgMxFIbPeK31VuvSTbAIXdWZIqi7ghuXFe0FOkPJpJk2NJMMSUYoQx9BBBeKuPVJfAR3Poh708tCW38IfPz/OeScEyacaeO6X87K6tr6xmZuK7+9s7u3XzgoNrVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC4dUkb91TpZkUd2aU0CDGfcEiRrCx1q13KrqFkltxp0LL4M2hVCv65e+PR7/eLXz6PUnSmApDONa647mJCTKsDCOcjvN+qmmCyRD3aceiwDHVQTYddYxOrNNDkVT2CYOm7u+ODMdaj+LQVsbYDPRiNjH/yzqpiS6CjIkkNVSQ2UdRypGRaLI36jFFieEjC5goZmdFZIAVJsZeJ2+P4C2uvAzNasU7q1zeeKVaFWbKwREcQxk8OIcaXEMdGkCgDw/wDC8Od56cV+dtVrrizHsO4Y+c9x9ZyJDX</latexit>

1/n

<latexit sha1_base64="DP5IHH2VV3Bpw/OfB3yK3nyJvUY=">AAAB6nicbZDLSgMxFIbPeK31VuvSTbAIXdWZIqi7ghuXFe0FOkPJpJk2NJMMSUYoQx9BBBeKuPVJfAR3Poh708tCW38IfPz/OeScEyacaeO6X87K6tr6xmZuK7+9s7u3XzgoNrVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC4dUkb91TpZkUd2aU0CDGfcEiRrCx1q13KrqFkltxp0LL4M2hVCv65e+PR7/eLXz6PUnSmApDONa647mJCTKsDCOcjvN+qmmCyRD3aceiwDHVQTYddYxOrNNDkVT2CYOm7u+ODMdaj+LQVsbYDPRiNjH/yzqpiS6CjIkkNVSQ2UdRypGRaLI36jFFieEjC5goZmdFZIAVJsZeJ2+P4C2uvAzNasU7q1zeeKVaFWbKwREcQxk8OIcaXEMdGkCgDw/wDC8Od56cV+dtVrrizHsO4Y+c9x9ZyJDX</latexit>

1/n

<latexit sha1_base64="DP5IHH2VV3Bpw/OfB3yK3nyJvUY=">AAAB6nicbZDLSgMxFIbPeK31VuvSTbAIXdWZIqi7ghuXFe0FOkPJpJk2NJMMSUYoQx9BBBeKuPVJfAR3Poh708tCW38IfPz/OeScEyacaeO6X87K6tr6xmZuK7+9s7u3XzgoNrVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC4dUkb91TpZkUd2aU0CDGfcEiRrCx1q13KrqFkltxp0LL4M2hVCv65e+PR7/eLXz6PUnSmApDONa647mJCTKsDCOcjvN+qmmCyRD3aceiwDHVQTYddYxOrNNDkVT2CYOm7u+ODMdaj+LQVsbYDPRiNjH/yzqpiS6CjIkkNVSQ2UdRypGRaLI36jFFieEjC5goZmdFZIAVJsZeJ2+P4C2uvAzNasU7q1zeeKVaFWbKwREcQxk8OIcaXEMdGkCgDw/wDC8Od56cV+dtVrrizHsO4Y+c9x9ZyJDX</latexit>

1/n

<latexit sha1_base64="DP5IHH2VV3Bpw/OfB3yK3nyJvUY=">AAAB6nicbZDLSgMxFIbPeK31VuvSTbAIXdWZIqi7ghuXFe0FOkPJpJk2NJMMSUYoQx9BBBeKuPVJfAR3Poh708tCW38IfPz/OeScEyacaeO6X87K6tr6xmZuK7+9s7u3XzgoNrVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC4dUkb91TpZkUd2aU0CDGfcEiRrCx1q13KrqFkltxp0LL4M2hVCv65e+PR7/eLXz6PUnSmApDONa647mJCTKsDCOcjvN+qmmCyRD3aceiwDHVQTYddYxOrNNDkVT2CYOm7u+ODMdaj+LQVsbYDPRiNjH/yzqpiS6CjIkkNVSQ2UdRypGRaLI36jFFieEjC5goZmdFZIAVJsZeJ2+P4C2uvAzNasU7q1zeeKVaFWbKwREcQxk8OIcaXEMdGkCgDw/wDC8Od56cV+dtVrrizHsO4Y+c9x9ZyJDX</latexit>

self-loop

<latexit sha1_base64="J71xS/wIFqCGxL95clVLnN2AM4E=">AAAB+XicbVDLSgMxFM3UV62vUZeKBIvgxjIjgrorunHZgn1AO5RMmmlDM5MhuVMsQ5f+hRsXirh10+9w5zf4E6aPhbYeuHA4597k3uPHgmtwnC8rs7S8srqWXc9tbG5t79i7e1UtE0VZhUohVd0nmgkesQpwEKweK0ZCX7Ca37sd+7U+U5rL6B4GMfNC0ol4wCkBI7VsuwnsAVLzQHAmpIyHLTvvFJwJ8CJxZyRfPByVvx+PRqWW/dlsS5qELAIqiNYN14nBS4kCTgUb5pqJZjGhPdJhDUMjEjLtpZPNh/jEKG0cSGUqAjxRf0+kJNR6EPqmMyTQ1fPeWPzPayQQXHkpj+IEWESnHwWJwCDxOAbc5opREANDCFXc7IpplyhCwYSVMyG48ycvkup5wb0oXJfdfPEGTZFFB+gYnSIXXaIiukMlVEEU9dETekGvVmo9W2/W+7Q1Y81m9tEfWB8/D/OXqQ==</latexit>

personalized  
PageRank 

Add auxiliary  
    node ⇠

<latexit sha1_base64="r7EKEev7Gvuw3iUQEaid+16eTEE=">AAAB6nicbZDLSgMxFIbPeK21atWlIMEiuCozRVB3BTcuW7QXaIeSSTNtaJIZkoxYhi5dunGhiFsfos/hzmfwJUwvC239IfDx/+eQc04Qc6aN6345K6tr6xubma3sdm5ndy+/f1DXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcT/LGPVWaRfLODGPqC9yTLGQEG2vdth9YJ19wi+5UaBm8ORTKuXH1+/F4XOnkP9vdiCSCSkM41rrlubHxU6wMI5yOsu1E0xiTAe7RlkWJBdV+Oh11hE6t00VhpOyTBk3d3x0pFloPRWArBTZ9vZhNzP+yVmLCSz9lMk4MlWT2UZhwZCI02Rt1maLE8KEFTBSzsyLSxwoTY6+TtUfwFldehnqp6J0Xr6peoVyCmTJwBCdwBh5cQBluoAI1INCDJ3iBV4c7z86b8z4rXXHmPYfwR87HDzKUkWk=</latexit>

Spectral Digraph Convolution:

I� 1
2

⇣
P̃+ P̃T

⌘

<latexit sha1_base64="XgQqqhSbF5n/BVvZpuLlW/jo2RE="></latexit>

I� D̃�1Ã

<latexit sha1_base64="siCxZFL44bfK4KoiWnO6+3V/W5Y="></latexit>

trivial-symmetric formundirected random-walk form

G is undirected

<latexit sha1_base64="0dDuH3qEm0GHJVOuYKxB/u12258=">AAACC3icbVC7SgNBFJ31GdfXqqXNkCBYhd0gqIUYsNAygnlAEsLs5CYZMju7zsyKYUlv41fY21goYusP2IgfIzjJptDEAwOHc+5l7jl+xJnSrvtlzc0vLC4tZ1bs1bX1jU1na7uiwlhSKNOQh7LmEwWcCShrpjnUIgkk8DlU/f7ZyK/egFQsFFd6EEEzIF3BOowSbaSWk20ERPco4cn5sKHhVuMEM4Vj0WYSqIY2HracnJt3x8CzxJuQ3Ol39PBpn1yXWs5Hox3SOAChKSdK1T030s2ESM0oh6HdiBVEhPZJF+qGChKAaibjLEO8Z5Q27oTSPKHxWP29kZBAqUHgm8nR5WraG4n/efVYd46aCRNRrEHQ9KNOzLEO8agYnAbmA0MIlczcimmPSGJKkMo2JXjTkWdJpZD3DvLHl16uWEApMmgXZdE+8tAhKqILVEJlRNEdekTP6MW6t56sV+stHZ2zJjs76A+s9x9OoZ7n</latexit>

Theoretically define spectral digraph convolution.

Given a digraph     and its adjacency matrix     ,  Prw = D�1A

<latexit sha1_base64="fKdIfhMMsuJg3lEWb05/J9hlRjc=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQxJJIQV0IFV24rGAf0sYymU7aoZNJmJkoJeQj3Pgrblwo4taFO//GSZuCth4YOHPOvdx7jxsyKpVlfRu5ufmFxaX8cmFldW19w9zcqssgEpjUcMAC0XSRJIxyUlNUMdIMBUG+y0jDHVykfuOeCEkDfqOGIXF81OPUoxgpLXXMg7aPVN/14mrSiQV8SM4mwmVyFx/aCZz8z5OOWbRK1ghwltgZKYIM1Y751e4GOPIJV5ghKVu2FSonRkJRzEhSaEeShAgPUI+0NOXIJ9KJR0clcE8rXegFQj+u4Ej93REjX8qh7+rKdEM57aXif14rUt6JE1MeRopwPB7kRQyqAKYJwS4VBCs21ARhQfWuEPeRQFjpHAs6BHv65FlSPyrZ5dLpdblYuc3iyIMdsAv2gQ2OQQVcgSqoAQwewTN4BW/Gk/FivBsf49KckfVsgz8wPn8AU8CfFA==</latexit>

G

<latexit sha1_base64="lfoJjjsC4X0oxEo+6cvmXCsiy3s=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgroruNBlBfuA6VAyaaYNzSRDkhHK0M9w40IRt36NO//GTDsLbT0QOJxzLzn3hAln2rjut1Pa2Nza3invVvb2Dw6PqscnXS1TRWiHSC5VP8SaciZoxzDDaT9RFMchp71wepv7vSeqNJPi0cwSGsR4LFjECDZW8gcxNhOCeXY3H1Zrbt1dAK0TryA1KNAeVr8GI0nSmApDONba99zEBBlWhhFO55VBqmmCyRSPqW+pwDHVQbaIPEcXVhmhSCr7hEEL9fdGhmOtZ3FoJ/OIetXLxf88PzXRdZAxkaSGCrL8KEo5MhLl96MRU5QYPrMEE8VsVkQmWGFibEsVW4K3evI66TbqXrN+89CstRpFHWU4g3O4BA+uoAX30IYOEJDwDK/w5hjnxXl3PpajJafYOYU/cD5/AHh8kVk=</latexit>

A

<latexit sha1_base64="3agtqZH71eNn85BxoOEZ/4ESf4Q=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7JbCuqt4sVjBduKbSnZ9G0bms0uSVYoS/+FFw+KePXfePPfmG33oK0DgWHmPTJv/FhwbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SxbDFIhGpB59qFFxiy3Aj8CFWSENfYMef3GR+5wmV5pG8N9MY+yEdSR5wRo2VHnshNWM/SK9ng3LFrbpzkFXi5aQCOZqD8ldvGLEkRGmYoFp3PTc2/ZQqw5nAWamXaIwpm9ARdi2VNETdT+eJZ+TMKkMSRMo+achc/b2R0lDraejbySyhXvYy8T+vm5jgsp9yGScGJVt8FCSCmIhk55MhV8iMmFpCmeI2K2FjqigztqSSLcFbPnmVtGtVr169uqtXGrW8jiKcwCmcgwcX0IBbaEILGEh4hld4c7Tz4rw7H4vRgpPvHMMfOJ8/qLaQ4Q==</latexit>

Ppr = (1� ↵)Prw + ↵
n1

n⇥n

<latexit sha1_base64="M5ZWESspTGrLaEiwbd4RE24LP5I="></latexit>

↵ is the teleport probability

<latexit sha1_base64="RuQm4Cwb2cGXz6Ymg0CV+lksW4I="></latexit>

Using PageRank to make      irreducible and aperiodicG

<latexit sha1_base64="lfoJjjsC4X0oxEo+6cvmXCsiy3s=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyUgroruNBlBfuA6VAyaaYNzSRDkhHK0M9w40IRt36NO//GTDsLbT0QOJxzLzn3hAln2rjut1Pa2Nza3invVvb2Dw6PqscnXS1TRWiHSC5VP8SaciZoxzDDaT9RFMchp71wepv7vSeqNJPi0cwSGsR4LFjECDZW8gcxNhOCeXY3H1Zrbt1dAK0TryA1KNAeVr8GI0nSmApDONba99zEBBlWhhFO55VBqmmCyRSPqW+pwDHVQbaIPEcXVhmhSCr7hEEL9fdGhmOtZ3FoJ/OIetXLxf88PzXRdZAxkaSGCrL8KEo5MhLl96MRU5QYPrMEE8VsVkQmWGFibEsVW4K3evI66TbqXrN+89CstRpFHWU4g3O4BA+uoAX30IYOEJDwDK/w5hjnxXl3PpajJafYOYU/cD5/AHh8kVk=</latexit>

Lpr = I� 1

2

⇣
⇧

1
2
prPpr⇧

� 1
2

pr +⇧
� 1

2
pr PT

pr⇧
1
2
pr

⌘

<latexit sha1_base64="R5Ma9bTYcg/6uaGXdr4iqxG1TDc="></latexit>

          is normalized diagonal Perron vector of⇧pr

<latexit sha1_base64="DPhTyIP98Vr35fBKh9Wbh0zb8e8=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQPI1WBupt6MXjBPcBaylpmm1haVKSVBi1B/8VLx4U8eq/4c3/xnTrQTcfhDze+/3IywsTRpV2nG+rsrK6tr5R3axtbe/s7tn7B10lUolJBwsmZD9EijDKSUdTzUg/kQTFISO9cHJT+L0HIhUV/F5PE+LHaMTpkGKkjRTYR14oWKSmsbkyr03zIEugzAO77jScGeAycUtSByXagf3lRQKnMeEaM6TUwHUS7WdIaooZyWteqkiC8ASNyMBQjmKi/GyWP4enRongUEhzuIYz9fdGhmJVRDSTMdJjtegV4n/eINXDSz+jPEk14Xj+0DBlUAtYlAEjKgnWbGoIwpKarBCPkURYm8pqpgR38cvLpHvecJuNq7tmvXVd1lEFx+AEnAEXXIAWuAVt0AEYPIJn8ArerCfrxXq3PuajFavcOQR/YH3+AK5elow=</latexit>

Ppr

<latexit sha1_base64="ZX7pEBesO05lLjraromnZG9Acpk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRSUHdFNy4r2Ae0IUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikq+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gel/4vRmVisXiSc8T6kV4LFjICNZG8m17GGE9CcKsnftZgmTu23Wn4SyA1olbkjqUaPv213AUkzSiQhOOlRq4TqK9DEvNCKd5bZgqmmAyxWM6MFTgiCovWyTP0YVRRiiMpXlCo4X6eyPDkVLzKDCTRU616hXif94g1eGNlzGRpJoKsjwUphzpGBU1oBGTlGg+NwQTyUxWRCZYYqJNWTVTgrv65XXSvWq4zcbtY7PeuivrqMIZnMMluHANLXiANnSAwAye4RXerMx6sd6tj+VoxSp3TuEPrM8fx4OTxg==</latexit>

(Dense)

Pppr =


(1� ↵)P̃ ↵1n⇥1

1
n1

1⇥n 0

�
, Pppr 2 R(n+1)⇥(n+1)

<latexit sha1_base64="NB20nAhclQo7um++OPId2lRiULU="></latexit>

Lappr ⇡ I� 1
2

⇣
⇧

1
2
apprP̃⇧

� 1
2

appr +⇧
� 1

2
apprP̃T⇧

1
2
appr

⌘

<latexit sha1_base64="zxxgFSqPxIENoV/0is2Xk3zNNLs="></latexit>

Generalize to other forms:
↵ ! 1

<latexit sha1_base64="Go7xMCZo2mCK7IvDyuYFilP/moA=">AAAB/XicbVDJSgNBEO1xjeM2LjcvjUHwFGaCoB7EgBePEcwCmSHUdHoyTXoWunuUOAR/RRAPinjNf3gR/8bOctDEBwWP96qoquennEll29/GwuLS8spqYc1c39jc2rZ2dusyyQShNZLwRDR9kJSzmNYUU5w2U0Eh8jlt+L2rkd+4o0KyJL5V/ZR6EXRjFjACSktta98FnoaAXcG6oQIhknvstK2iXbLHwPPEmZLi5dC8SJ+/zGrb+nQ7CckiGivCQcqWY6fKy0EoRjgdmG4maQqkB13a0jSGiEovH18/wEda6eAgEbpihcfq74kcIin7ka87I1ChnPVG4n9eK1PBmZezOM0UjclkUZBxrBI8igJ3mKBE8b4mQATTt2ISggCidGCmDsGZfXme1Msl56R0fuMUK2U0QQEdoEN0jBx0iiroGlVRDRH0gJ7QK3ozHo0X4934mLQuGNOZPfQHxvAHS7mYFQ==</latexit>

     is the degree of conversion  
from a directed form to undirected.
↵

<latexit sha1_base64="NpWILVq+nK8ZrQC+sx9VVsPAjGQ=">AAAB7XicdZDNSgMxFIUz9a+Of1WXboJFcDVMtNh2IRbduKxgW6EdSibNtLGZyZBkhDL0Hdy4UMSNCx/FvRvxbcy0FVT0QODwnXvJvdePOVPadT+s3Nz8wuJSftleWV1b3yhsbjWVSCShDSK4kFc+VpSziDY005xexZLi0Oe05Q/Psrx1Q6ViIrrUo5h6Ie5HLGAEa4OaHczjAe4Wiq5zVKmUy1XoOu5EmUEldIggmpHiyat9HD+/2/Vu4a3TEyQJaaQJx0q1kRtrL8VSM8Lp2O4kisaYDHGfto2NcEiVl06mHcM9Q3owENK8SMMJ/d6R4lCpUeibyhDrgfqdZfCvrJ3ooOKlLIoTTSMy/ShIONQCZqvDHpOUaD4yBhPJzKyQDLDERJsD2eYIX5vC/03zwEElp3qBirVTMFUe7IBdsA8QKIMaOAd10AAEXINbcA8eLGHdWY/W07Q0Z816tsEPWS+fQBKSmQ==</latexit>

Further simplify it using personalized PageRank:

Link prediction Graph size 

We make GCNs available in digraphs and propose an 
Inception network to learn multi-scale features in digraphs. 

Summary

More info 


